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Six dimensional supergravities on ADS3×S3 present interest due to the role they play
in the AdS/CFT correspondence. The correspondence in this case states the equivalence
between supergravity on the given background and a still unknown conformal field the-
ory. The conformal field theory in question is expected to appear by deforming of the free
conformal field theory on SN (T 4) in a way which preserves the superconformal symmetry.
The purpose of this paper is to compute the first nontrivial corrections to the equations of
motion for the chiral primary fields coming from supergravity. Using the methods already
developed which involve nontrivial redefinitions of fields, we compute three-point correla-
tion functions for scalar chiral primaries and notice similarities between their expressions
and those obtained in the orbifold conformal field theory.
1. Introduction
The correspondence [1] between CFT and compactified supergravity on AdS spaces
is a topic under vigorous current investigation. The first check of the correspondence was
done by comparison of the spectra of chiral primaries in both theories and was followed by
comparison of three point interactions. Such comparison involve computation of three point
Greens functions in Yang-Mills theory (without interactions) and then, the evaluation of
the analogue three point vertices in compactified supergravity [2],[3],[4],[5]. An agreement
of the two (even for the range of couplings where it should not hold) is due to some rather
nontrivial nonrenormalization theorems.
One of the most interesting case of Maldacena’s conjecture is the one of IIB string
theory compactified on a K3 or T 4 manifold [6]. Here, a distribution of five branes and
one-branes gives a black string whose near horizon geometry is AdS3 × S3 ×M4. Fur-
ther compactification on S1 produces a five-dimensional black hole. Its entropy is nicely
accounted [7] by a conformal field theory with target space SN (T 4) or SN (K3). This
orbifold conformal field theory was recently studied in a number of works [8], [9], [10]. In
[11], a suggestion that it originates in a non-commutative space-time was given, while the
nonlinear aspects of this conformal field theory were discussed in [12]. In particular, a
construction of chiral primary operators was explicitely given and their operator products
evaluated. This gave specific answers for the three point correlation functions. The orb-
ifold framework allowed for a discussion of the corresponding spectrum generating algebra
which seems to govern the dynamics of the theory. It is clearly relevant to perform the
analogous calculations at the supergravity level. In this case, the relevant 6D supergravity
involves nontrivial multiplets which have their origin in compactification on K3 or T 4.
Furthermore, the precise correspondence is actualy not known, in particular it is likely
that a deformed conformal field theory might ultimately be relevant. Even though some
of the deformations have been mentioned, explicite calculations were not done yet.
In this paper, detailed computations of cubic interactions among chiral primaries
of 6D supergravity will be presented. The computation involves the standard elements
of previous works, namely nonlinear field redefinitions, which then leads to three point
functions of chiral operators. The results presented at the end of section 4 have some
similarities in form with the previous examples done in the literature (which all have a
universal form in dependence on the chiral quantum numbers l) [13], [14]. In our case, we
observe for one sequence of operators a deviation from the universal form and a particular
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quadratic dependence on the quantum numbers l. It is a very interesting question to ask
if a deformation of the free orbifold CFT would give an identical result.
The paper is organized as follows: in section 2 we give following [15], [16] the basic
notation and definition of 6D supergravity with the discussion of chiral primaries. In
section 3 the action is expanded to cubic order and the nonlinear field redefinitions are
determined. Section 4 discusses the corresponding correlation functions. Some comments
on future work are made in the conclusions.
2. Supergravity in D = 6
In this section, we review following [15], [16] the equations of motion of D = 6 super-
gravity of interest for us in determining the scalar chiral primaries. We are interested in
the equation of motion for metric gMN , 2-forms B
i
MN , B
r
MN , i = 1..5, r = 1..n and scalars.
The scalars are packaged in a SO(5, n) matrix V JI , I, J = 1..5+n giving a parametrization
of the coset SO(5,n)
SO(5)×SO(n)
. The integer n depends on the type of supergravity we study in
6D: for N = 4b supergravity, coming from a compactification of type IIB supergravity
on K3, n = 21 and for N = 8 supergravity, coming from compatification of the same 10D
theory on T 4, n = 5. As long as we work with the metric, the scalars and two-forms only,
we can use n unspecified. We will use the following notation for indices: M,N = 0..5 are
D = 6 coordinates, µ, ν = 0..2 are AdS3 coordinates and a, b = 1..3 are S
3 coordinates.
We will also use GI = dBI .
We construct the following quantities which will be used in writing the equations of
motion in a compact form:
dV V −1 =
(
Qij
√
2P is√
2P jr Qrs
)
,
DMP
ir
N = ∇MP irN −QijMP jrN −QrsMP isN ,
Hi = GIV iI , H
r = GIV rI ,
(2.1)
Then, the D = 6 supergravity equations of motion are:
RMN = H
i
MPQH
i PQ
N +H
r
MPQH
r PQ
N + 2P
ir
MP
ir
N ,
DMP irM −
√
2
3
HiMNPH
r MNP = 0,
∗Hi = Hi, ∗Hr = −Hr.
(2.2)
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We consider a vacuum solution which is maximally supersymmetric in D = 6 and has the
geometry of AdS3 × S3 with radius and cosmological constant equal to one. It consists in
the corresponding metric g¯MN of the direct product of the two spaces and the following
ansatz for the forms and scalars: V¯ = I5+n , G¯
5
µνρ = ǫµνρ, G¯
5
abc = ǫabc and all the other
G¯’s set to zero. In the previous equations ǫµνρ and ǫabc are the volume forms on AdS3 and
S3 respectively such that, ǫµνρabc = ǫµνρ ǫabc is the volume form in six dimensions. We
will recover later by scaling arguments the radius dependence.
3. Scalar Chiral primaries
We parameterize the scalar manifold by introducing scalar fields φir representing a
5×n matrix Φ which gives the fluctuations of V away from identity. We write all the fields
in second order in fluctuations:
gMN = g¯MN + hMN ,
GI = G¯I + gI ,
V =
(
I5 +
1
2ΦΦ
T Φ
ΦT In +
1
2
ΦTΦ
)
,
(3.1)
Then, we write the quantities defined in (2.1) in this order and we obtain:
Qij =
1
2
(φirdφjr − φjrdφir),
Qrs =
1
2
(φirdφis − φisdφir),
P ir =
1√
2
dφir,
Hi = gi + grφir +
1
2
G¯5φ5rφir, i 6= 5,
H5 = G¯5 + g5 + grφ5r +
1
2
G¯5φ5rφ5r,
Hr = gr + G¯5φ5r + giφir,
(3.2)
We focus now, on scalar chiral primaries only. As it was already shown in [16], they come
from two sources: for r = 1..n from the equation of motion for the two-forms Br and
scalars φ5r, and for the last one from the equation of graviton and the two-form B5. We
also use the parametrization of the two-forms given in [16]. The forms are decomposed in
3
spherical harmonics of S3 and we use the gauge invariance and the allowed diffeomorphism
invariance to reduce the fluctuations to physical ones:
hab = Ng¯ab, hµa = 0, hµν =Mg¯µν + h
′
(µν),
gIMNP = 3∂[Mb
I
NP ],
bIµν = ǫµνρX
I ρ, bIµa = 0, b
I
abc = ǫabc∂
cU I ,
(3.3)
where h′(µν) is the traceless part of the graviton fluctuation on AdS3.
Let us start with the first category of chiral primaries and solve the linearized equations
leading to those (see appendix):
(∇µ∇µ +∇a∇a)φ5r + 4(∇µ∇µ −∇a∇a)Ur = 4∇µ(∇µUr −Xrµ) +Qr1, (3.4)
from the equation of motion for scalars φ5r,
∇aXrµ −∇a∇µUr = Qr2 aµ, (3.5)
and
(∇µ∇µ +∇a∇a)Ur + 2φ5r = ∇µ(∇µUr −Xrµ) +Qr3, (3.6)
from the µνa and abc component of the antiself-duality equation for the two-forms Br.
We expand the scalars φ5r and those used to parametrize the fluctuations of two-forms
in the harmonic basis of S3 and we get after solving the constraint (3.5), a system of
equations , (3.4) and (3.6), which has to be diagonalized. We arrive at the following
definitions: for the chiral primaries sr I = 1
4(l+1)
(φ5r I + 2(l + 2)Ur I) and for the other
scalar tr I = 14(l+1) (φ
5r I − 2lUr I), where I refers from now on to the harmonic index on
S3 and l refers to the integer entering the Casimir of that representation: l(l+2). We also
have, if we put to zero all the fields except the chiral primaries: φ5r I = 2lsr I , Ur I = sr I .
For the second category, those coming from the graviton and one of the two-forms,
we have the following equations at the linearized level:
−1
2
(∇µ∇µ +∇a∇a)N − 1
6
∇a∇a(3M +N) = −4N + 4∇a∇aU5 +Qσ1 , (3.7)
and
(3M +N);(ab) = Q
σ
2 (ab), (3.8)
4
coming from the ab component of the Einstein equation; (3.7) is the part proportional to
g¯ab and (3.8) is the symmetric traceless part (ab);
∇aX5µ +∇a∇µU5 +Qσ3 aµ = 0, (3.9)
and
(∇µ∇µ +∇a∇a)U5 − 2N = ∇µ(∇µU5 +X5µ) +Qσ4 (3.10)
from the µνa and abc component of the self-duality equation for the two-form B5. In
this equations Qr1,2,3, Q
σ
1,2,3,4 represent the second order corrections to the equations and
they are set to zero when we determine the linearized expressions for chiral primaries. We
solve again the constraints (3.8) and (3.9), and we obtain a system of equations (3.7) and
(3.10) which is diagonalized by the following expressions: the chiral primaries given by σI =
1
4(l+1) (−N I+2(l+2)U5 I), and another nonchiral primary scalar τ I = 14(l+1) (N I+2lU5 I).
If we set to zero all fields, but the chiral primaries we obtain the following expressions:
N I = −2lσI , U5 I = σI . We solve also the linearized µa part of the graviton equation
and we obtain that h′I(µν) = − 4l+1∇(µ∇ν)σI . We note that in the above equations, namely
at the linearized level, h′I(µν) does not enter. It apears only in the second order variation
of equations of motion (in Q’s), for our purpouses being enough to compute only its first
order expresssion in term of chiral primaries.
4. The action in AdS3 for chiral primaries
We compute in this section the second order corrections to the equations of motion
for chiral primaries. We notice that some of the second order terms involve derivatives on
AdS3 of chiral primaries. Because a consistent field theory believed to exist for the chiral
primaries requires the absence of these terms, we will redefine the chiral primaries in such
a way that the new terms cancel the problematic terms. These redefinitions of chiral fields
are also consistent to the fact that we named the chiral primaries after solving linearized
equations only. It will be intersting to test if using the full nonlinear expression for the
supersymmetry algebra and the conditions for a field to be chiral we could confirm our
redefinitions of fields.
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Let us write the expressions for the corrections using partial results computed in
appendix 1. We start with the corrections given in Qr’s:
Qr1 = ∇µ(hµν∇νφ5r) +∇a(hab∇bφ5r)−
1
2
∇P (h MM )∇Pφ5r+
+ 4(h µµ ∇ν∇νUr − h aa ∇b∇bUr + 2φ5r(∇ν∇νU5 +∇b∇bU5 − 2N))+
+ 4(∇ν∇νU5∇ρ∇ρUr +∇b∇bU5∇c∇cUr + 2∇b∇νU5∇b∇νUr),
Qr2 aµ = 2∇a∇µU5φ5r +∇a∇µUr(h µµ −
1
2
h MM ) + h
b
a ∇b∇µUr − h νµ ∇a∇νUr,
Qr3 = (∇ν∇νU5 −∇b∇bU5)φ5r − (
1
2
h MM − h aa )(∇b∇bUr + φ5r).
(4.1)
Next, we use the expansion of fields in sperical harmonics and compute the corre-
ponding corrections for each I. For definitions and derivations for spherical harmonics
see appendix 2. Here, we only repeat a few definitions: ∆ = l(l + 2) are up to a minus
sign the eigenvalues of the sphere laplacian, δ = l(l − 2) are related to the masses of the
chiral primaries, C(I) is the normalization constant of the I-th spherical harmonic and is
obtained from the integral over S3 of the square of it, and C(I, I1, I2) is the integral of the
corresponding product of three spherical harmonics.
We solve first the constraint (3.5) and from it we obtain:
∇µUr I −Xr Iµ =
C(I, I1, I2)
∆C(I)
(−2l1(∆ +∆2 −∆1)sr I1∇µσI2+
+ (∆+∆1 −∆2)(−l2∇µsr I1σI2 + 1
2
∇νsr I1hI2 νµ )).
(4.2)
We expand the equations (3.6) and (3.4) in spherical harmonics and for each I we sum
them with the followig weights: (3.6) with (l+2)2(l+1) and (3.4) with
1
4(l+1) . In the end, we
obtain the following equation for sr I chiral primaries including second order corrections:
(∇ν∇ν − l(l − 2))sr I = 1
4(l + 1)
(2(l + 2)∇µ(∇µUr I −Xr Iµ )+
+
C(I, I1, I2)
C(I)
(∇µ(∇νφ5r I1hI2 µν)−∆1φ5r I1N I2 −∇µφ5r I1∇µN I2+
+ 4((−∇ν∇ν + 3∆1)Ur I1N I2 − 4φ5r I1N I2 + (−2φ5r I1 +∆1Ur I1)∆2U5 I2+
+ (∇ν∇νUr I1 + 2φ5r I1)∇ν∇νU5 I2 + (∆1 +∆2 −∆)∇νUr I1∇νU5 I2)+
+ 2l(φ5r I1(∇ν∇ν +∆2)U5 I2 + 2(−∆1Ur I1 + φ5r I1)N I2))).
(4.3)
We use now the expression for the fields φ5r, Ur, U5, N, hµν .. in term of chiral primaries
sr I and as it is expected, we obtain equations which have in the right hand side terms
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involving derivatives ∇νsr I . These terms suggest that the definition of chiral primary
fields is changed at the quadratic level. We remove the unwanted terms by redefinitions
and we end up with the following rules which are applied in the right hand side of (4.3).
We consider s, σ as generic fields which at the linearized level solve (∇ν∇ν−l1(l1−2))s = 0
and (∇ν∇ν − l2(l2 − 2))σ = 0 respectively, and the rules are valid if the corrected field
solves at linearized level (∇ν∇ν − l(l − 2)l)... = 0.
∇ν(∇νsσ) −→ 1
2
(δ + δ1 − δ2)sσ,
∇νs∇νσ −→ 1
2
(δ − δ1 − δ2)sσ,
∇µ(∇νs∇µ∇νσ) −→ 1
4
(δ + δ2 − δ1)(δ − δ1 − δ2)sσ.
(4.4)
We mention here, that the above rules are valid only for second order corrections and
they have to be changed or replaced for the higher orders. Plugging in (4.3) the expression
for Xr Iµ obtained from equation (4.2) and using then (4.4) to remove the derivatives terms
we will obtain the following equations :
(∇ν∇ν − l(l − 2))sr I = C(I, I1, I2)
C(I)
αα1α2(Σ− 2)Σ(Σ + 2)
4l(l + 1)(l2 + 1)
sr I1σI2 , (4.5)
where α = l1 + l2 − l, α1 = l + l2 − l1, α2 = l + l1 − l2 and Σ = l1 + l2 + l.
We will work now, in a similar fashion the quadratic corrections to the equations
of motion for the chiral primary coming from the metric and one of the self-dual forms,
σ. There are two kinds of quadratic corrections: those which are quadratic in sr I and
those which are quadratic in σI . We work each correction separately. We start with those
coming from the first category (we will denote both in the same way, Q’s):
Qσ1 = 4∇b∇bUrφ5r + 2φ5rφ5r + 2(∇b∇bUr + φ5r)2 +
2
3
(∇b∇νUr)2 + 1
3
(∇bφ5r)2,
Qσ2 (ab) = 8∇(a∇νUr∇b)∇νUr − 2∇(aφ5r∇b)φ5r,
Qσ3 aµ = 2∇a∇µUrφ5r,
Qσ4 = (∇ν∇ν −∇b∇b)Urφ5r −
1
2
(3M +N).
(4.6)
We compute from (3.8) and (3.9) the quadratic corrections to M I and XI 5µ and plug
them back in the system of equations formed from (3.7) and (3.10). We sum then the
two equations with the appropriate factors: − 14(l+1) for (3.7) and (l+2)2(l+1) for (3.9), and the
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result is the linearized equation for σI and its quadratic corrections. Expressing all the
fields in term of sr I and σI we obtain for the constraints:
3M I +N I =
3C(I, I1, I2)
2∆(∆− 3)C(I)(
1
4
(∆1 +∆−∆2)(∆ +∆2 −∆1) + ∆
6
(∆1 +∆2 −∆))×
× 8(∇νsr I1∇νsr I2 − l1l2sr I1sr I2) + ..,
∇ν(XI 5ν +∇νU I 5) =
−2l2C(I, I1, I2)
∆C(I)
(∆1 +∆−∆2)∇ν(∇νsr I1sr I2) + ..,
(4.7)
where the dots represent the other kind of corrections, due to σI . The final equation is:
(∇ν∇ν − l(l − 2))σI = 1
4(l + 1)
((−∆
3
− l − 2)(3M I +N I) + 2(l + 2)×
×∇ν(XI 5ν +∇νU I 5) +
2C(I, I1, I2)
C(I)
(−4∆1Ur I1φ5r I2 + 2φ5r I1φ5r I2+
+ 2(−∆1Ur I1 + φ5r I1)(−∆2Ur I2 + φ5r I2) + (∆1 +∆2 −∆)×
× (1
3
∇νUr I1∇νUr I2 + 1
6
φ5r I1φ5r I2) + (l + 2)(∇ν∇ν +∆1)Ur I1φ5r I2)) + ..
(4.8)
Rewriting all the fields in term of chiral primaries and using the given rules (4.4) to remove
the quadratic corrections with derivatives we obtain after symetrization in I1,2 the following
result:
(∇ν∇ν − l(l − 2))σI = αα1α2(Σ− 2)Σ(Σ + 2)
8(l − 1)l(l + 1)
C(I, I1, I2)
C(I)
sr I1sr I2 + ... (4.9)
We turn now to the quadratic corrections due only to σI :
Qσ1 = −
1
3
∇b∇b(N2)− 1
2
(Nµh
µν);ν − 1
12
∇b∇b(hµνhµν) + 1
12
∇bhµν∇bhµν+
+
1
12
∇bN∇bN + 6N2 − 8N∇b∇bU5 ++2(∇b∇bU5)2 + 2
3
(∇b∇νU5)2,
Qσ2 (ab) =
1
2
((N2);(ab) + (h
µνhµν);(ab) −∇(ahµν∇b)hµν −∇(aN∇b)N)+
+ 8∇(a∇νU5∇b)∇νU5,
Qσ3 aµ = −N∇a∇µU5 −∇a∇νU5hνµ,
Qσ4 = 2N∇b∇bU5−
11
4
N2 +
1
4
hµνhµν − 1
2
(3M +N).
(4.10)
In the same way as before, we obtain the following corrected equations of motion after
using the expressions of the D = 6 fields in terms of the chiral primaries, of the rules (4.4)
and of symmetrization in the spherical indices I1, I2:
(∇ν∇ν−l(l−2))σI = ...+ αα1α2(Σ− 2)Σ(Σ + 2)
16(l− 1)l(l + 1)(l1 + 1)(l2 + 1)(l
2+l21+l
2
2−2)
C(I, I1, I2)
C(I)
σI1σI2 ,
(4.11)
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where by ... we represent the already computed part, namely, the RHS of (4.9).
It is now possible to write the action compatible with the determined equations (4.5),
(4.9) and (4.11) whithout being necessary to compute from somewhere else the quadratic
terms. The D = 3 lagrangian, up to normalization constants, is:
Lchiral = 4l(l + 1)C(I)((∂s
r I)2 + l(l − 2)(sr I)2) + 4l(l − 1)C(I)×
× ((∂σI)2 + l(l − 2)(σI)2) + αα1α2(Σ− 2)Σ(Σ + 2)
(l + 1)
C(I, I1, I2)σ
Isr I1sr I2+
+
αα1α2(Σ− 2)Σ(Σ + 2)
6(l + 1)(l2 + 1)(l2 + 1)
(l2 + l21 + l
2
2 − 2)C(I, I1, I2)σIσI1σI2 .
(4.12)
5. Correlation functions
In this section, we derive the needed constant required in equation (4.12) from the
higher dimensional theory and compute the CFT correlation functions. We start with
a system of Q1 D1-branes and Q5 D5-branes in type IIB string theory. We review the
decoupling limit following [1], [6] and deduce from it the constant required in the equations
of motion of D = 6 supergravity. The following constants have the known definitions: g
is the string coupling, α′ is the inverse of the string tension, v is the volume of T 4 and
g6 = g/v
1
2 is the D = 6 coupling constant. The D = 10 metric in the extremal case and
in the decoupling limit: r −→ 0, α′ −→ 0, such that U ≡ r
α′
is kept fixed, gives:
ds2 = α′(
U2
l2
(−dt2 + dx5 2) + l
2
U2
dU2 + l2dΩ23 +
√
Q1
Q5
dxidxi), (5.1)
where xi, i = 5..9 have 2π period, and l2 = g6(Q1Q5)
1
2 .
Following [1] we require the constants to be such that the radius of the sphere to be
one: α′l2 = 1. In this limit the volume of T 4 shrinks to zero, justifying the use of D = 6
supergravity coming from KK reduction of the 10D theory and the constant appearing in
the D = 6 action is given by:
1
g26α
′2
−→ N = Q1 Q5 (5.2)
From now on, we use such units that the overall constant in front of the CFT action
is only N , besides l dependence. For each chiral primary field in supergravity there is a
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corresponding one in CFT and in our case the correspondence is : sr −→ Or and σ −→ O0.
The nonzero two point functions are then:
〈Or I(x)Os I1(y)〉 = N l
2(l − 1)
2l−2
δrsδII1
|x− y|2l ,
〈OI0 (x)OI10 (y)〉 = N
l2(l − 1)2
2l−2(l + 1)
δII1
|x− y|2l .
(5.3)
The two-point functions are normalized by multiplying the fields by appropriate factors:
OI r by ( 2
l−2
Nl2(l−1) )
1
2 and OI0 by
2l−2(l+1)
Nl2(l−1)2
1
2
. Then the non-zero constants appearing in the
three-point functions are given as:
〈OI0Or I1Os I2〉 =
δrs
N
1
2
(l1 − 1) 12 (l2 − 1) 12
(l + 1)
1
2
〈ΩIΩI1ΩI2〉,
〈OI0OI10 OI20 〉 =
1
6N
1
2
l2 + l21 + l
2
1 − 2
(l + 1)
1
2 (l1 + 1)
1
2 (l2 + 1)
1
2
〈ΩIΩI1ΩI2〉,
(5.4)
where 〈ΩIΩI1ΩI2〉 keeps track of the SO(4) Clebsch-Gordon coefficients, coming from
spherical harmonics, in the structure constants.
6. Conclusions
In this paper, we gave the calculation of three point interactions of chiral primaries
in 6D supergravity. Deriving the interactions, we used nontrivial redefinitions of the fields
which solved the linear equation of motion for chiral primaries. The reasons behind these
redefinitions are still not clear. The justification in our case is to use them to remove
unwanted derivative terms in the second order equations of motion. The appearance of
the derivative terms shows in a way the lack in understanding of supergravity compactified
on spheres. It is after removing the derivative terms that we deal with a standard field
theory in three dimensions. It would be very interesting to find a less technical principle
to justify them in all orders. A step in this direction was made in [17] for a different case
than ours and for a much smaller number of fields, namely those appearing in a consistent
sphere truncation of the corresponding supergravity.
In section 4, we derived the three point interactions corresponding to the expected
conformal field theory in two dimensions. If we compare results presented at the end of
section 4 with the three point interactions found in the free orbifold CFT [12] there are
similarities, but they are different overall. The similarities show that it is still possible to
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expect a gravitational theory to be equivalent to the orbifold CFT, but the question is
which one. On the other side the differences are expected since the two descriptions do not
sit at the same point in moduli space. A relevant role in this comparison is played by the
dynamical symmetry groups: on the gravity side there is a manifest SO(5) for T 4 or SO(21)
for K3, symmetry at the lagrangian level. The backround we used, respects this symmetry
and so does the expression for three point interactions derived in section 4. In the CFT
only the SO(4) or SO(20) subgroup is present. At present, the dynamical mechanism by
which this is enlarged is not known. To achieve an exact comparison one should perform
analogous computations in a different gravitational background or equivalently have a
deformation of the CFT. This interesting question is left for future studies.
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7. Appendix 1
We give in this appendix detailed formulas of first ( upper index (1) ) and second
(upper index (2)) order variation of the D = 6 fields used in text.
We consider first the metric, the Christoffel symbols and the curvature tensor:
gMN = g¯MN − hMN + h2 MN + ..,
ΓPMN = Γ¯
P
MN + Γ
(1) P
MN + Γ
(2) P
MN + ..,
Γ
(1) P
MN =
1
2
(h PM ;N + h
P
N ;M − h PMN ; ),
Γ
(2) P
MN =
1
2
hPR(hRM ;N + hRN ;M − hMN ;R),
RMN = R¯MN + (Γ
(1)P
MN ;P − Γ(1)PMP ;N ) + (Γ(2)PMN ;P − Γ(2)PMP ;N + Γ(1) PRP Γ(1) RMN −
− Γ(1) PRN Γ(1) RMP ) + ..,
(7.1)
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We are intersted only when M = a,N = b and when the metric fluctuation are
parametrized like in (3.3) and the results is:
R¯ab = 2g¯ab,
R
(1)
ab = g¯ab(−
1
2
(∇ν∇νN +∇b∇bN)− 1
6
∇b∇b(3M +N))− 1
2
(3M +N);(ab),
R
(2)
ab = g¯ab
1
12
(4(N2) c;c + 6(N,µh
µν);ν + (h
2 µ
µ )
c
;c − hµν;ch cµν; −N,cN c, )+
+
1
4
((N2 + h2 µµ );(ab) − hµν;(ahµν;b) −N,(aN,b)).
(7.2)
We should also compute (7.1) for the case M = µ,N = a, but because the only thing we
extract from this is h′, needed only in linearized approximation we refer to [16].
Next we consider the forms and the scalars given in (3.2) and we need only the
fluctuations in Hodge duality for forms and in the covariant derivative for scalars, due to
metric fluctuations:
∗HMNP = 1
3!
ǫ QRSMNP ((1 +
1
2
h MM +
1
4
(
1
2
(h MM )
2 + h2 MM ))HQRS+
+ 3(−h Q′Q + h2 Q
′
Q HQ′RS + 6h
Q′
Q h
R′
R HQ′R′S) + ..,
DMP
ir
N =
1√
2
(∇¯M∂Nφir + Γ(1) PMN ∂Pφir) + ..,
(7.3)
Using the definitions for fields, we obtain in a straightforward manner the equations given
in text.
8. Appendix 2
We list in this appendix the formulas we need to know about spherical harmonics on
S3. We define the scalar harmonics similar to [3], namely:
Y I ≡ 1
rl
x(i1 ..xil)ΩIi1..il , (8.1)
where xi, i = 1..4 are four flat coordinates, r =
√
x 21 + ..+ x
2
4 and the sphere S
3 is
embedded as r = 1. The pharantheses (..) means like anywhere in text, the symmetrized
and traceless tensor and ΩI ’s form an orthonormal basis of constant symmetrized and
traceless tensors. From (8.1) is clear that Y I does not depend on r, but only on sphere
indices. We also need:
∇b∇bY I = −l(l + 2)Y I ,
∇b∇b(∂aY I) = (−l(l + 2) + 2)∂aY I .
(8.2)
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We define ∆ = l(l+2). Considering the basic constants we need to compute and determine
all the other spherical harmonic related constants in term of these:
C(I) ≡
∫
S3
Y IY I ,
C(I, I1, I2) ≡
∫
S3
Y IY I1Y I2 .
(8.3)
We can now prove using eventually simple insertions of ∇b∇b in the equations (8.3) the
following identities: ∫
S3
Y IY I1 = C(I)δI,I1 ,∫
S3
∂aY
I∂aY I1 = C(I)δI,I1∆,∫
S3
∇(a∇b)Y I∇(a∇b)Y I1 = C(I)δI,I1
2
3
∆(∆− 3).
(8.4)
and∫
S3
Y I∇aY I1∇aY I2 = 1
2
(∆1 +∆2 −∆)C(I, I1, I2),∫
S3
∇(a∇b)Y I∇(aY I1∇b)Y I2 = 1
4
(∆1 +∆2 −∆− 4)(∆1 +∆2 −∆)C(I, I1, I2),∫
S3
Y I∇(a∇b)Y I∇(a∇b)Y I1 = (1
4
(∆1 +∆2 −∆− 4)(∆1 +∆2 −∆)− 1
3
∆1∆2)×
× C(I, I1, I2).
(8.5)
We compute the constants defined in (8.3) using gaussian integrals in x-space and we
obtain the following:
C(I) =
2π2
2l(l + 1)
,
C(I, I1, I2) =
2π2
2
Σ
2
l!l1!l2!
α
2
!α1
2
!α2
2
!(Σ
2
+ 1)!
〈ΩΩI1ΩI2〉,
(8.6)
where the last factor represents the possible contractions of all the indices of the three
normalized tensors.
After working everything out we write a D = 3 action responsible for the reduced (on
S3) equations of motion. It is the spirit of the correspondence to relate the higher dimen-
sional vertices to correlation functions in a conformal field theory one lower dimension.
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The explicit correspondence was given in [2] and we repeat here the results applicable to
our case. The two and three point correlation functions in a conformal field theory are
completely determined up to a constant. We give below only the constants assuming that
the linearized equations are those of correponding chirals ( η is a constant coming from
higher dimensional supergravity and δ = l(l − 2)):
η
2
((∂s)2 + δ s2) −→ η l(l − 1)
π
,
η ss1s2 −→ η
(α2 − 1)! (α12 − 1)!(α22 − 1)!(Σ2 − 1)!
2π2(l − 2)!(l1 − 2)!(l2 − 2)! .
(8.7)
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